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1. Introduction
Cyclotomy is an old topic of elementary number theory. Gauss [5] discussed classic cyclotomy in
his “Disquisitiones Arithmeticae”. Cyclotomic numbers are related to cryptography and coding theory.
Cyclotomic numbers of order up to 24 with respective to primes have been calculated with various
kinds of character sums (see [1,6–8]). Whiteman [9] studied the generalized cyclotomy of order 2
and 4 with respect to pq for the propose of searching for residue difference sets. Ding and Helleseth
[2,3] introduced a new generalized cyclotomy with respect to pe11 · · · pett .
In this paper, we always assume that p1, . . . , pt are distinct primes and gcd(pi − 1, p j − 1) = 2
if i = j. We will give the recurrence formulas of Whiteman’s generalized cyclotomic numbers with
respect to p1 · · · pt . In especial, we obtain Whiteman’s generalized cyclotomic numbers with respect
to p1p2p3.
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* Corresponding author.
E-mail addresses: caojing_0621@126.com (J. Cao), yueqin@nuaa.edu.cn (Q. Yue), huqin0916@126.com (L. Hu).1071-5797/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.ffa.2012.01.005
J. Cao et al. / Finite Fields and Their Applications 18 (2012) 634–644 6352. Recurrence formulas
Let p1, . . . , pt be distinct primes and gcd(pi − 1, p j − 1) = 2 if i = j. For convenience, let pt ≡ 1
(mod 4) if there is one prime congruence to 1 modulo 4 among p1, . . . , pt . By generalized Chinese
remainder theorem there exists a common primitive root g among p1, . . . , pt . Now we investigate a
factorization of the residue ring Zp1···pt . Let v = p1 · · · pt and d := ordv(g) denote the multiplicative
order of g modulo v . Since gcd(pi − 1, p j − 1) = 2 if i = j,
d = ordv(g) = lcm
(
ordp1(g), . . . ,ordpt (g)
)= ∏ti=1(pi − 1)
2t−1
.
Then the subgroup W (t) = (g) of the multiplicative group Z∗v is of order d and [Z∗v : W (t)] = 2t−1.
W (t) is called the Whiteman’s subgroup with respect to p1 · · · pt . The following generalized Chinese
remainder theorem is frequently used. We have a proof in [4].
Lemma 2.1. Let m1, . . . ,mt be positive integers. For a set of integers a1, . . . ,at , the system of congruences
x ≡ ai (modmi), i = 1, . . . , t
has solutions if and only if
ai ≡ a j
(
mod gcd(mi,mj)
)
, i = j, 1 i, j  t. (2.1)
If (2.1) is satisﬁed, the solution is unique modulo lcm(m1, . . . ,mt).
We consider the natural homomorphism of two rings:
Zv → Zp1 × · · · × Zpt , y1 → (g,1, . . . ,1), . . . , yt → (1, . . . ,1, g).
Let Z2 = {0,1} be an additive group and Z∗v/W (t) be the quotient group of Z∗v over W (t) . We
deﬁne a map:
η : Zt2 → Z∗v/W (t), α = (a1, . . . ,at) → Cα = yαW (t) = ya11 · · · yatt W (t). (2.2)
Lemma 2.2.
(1) y2i ≡ gki (mod v), i.e. y2i ∈ W (t) , i = 1, . . . , t.
(2) η is an epimorphism of two groups and kerη = (δ), δ = (1, . . . ,1), is an additive subgroup of two ele-
ments, so Zt2/(δ)
∼= Z∗v/W (t) . Moreover, there is a coset decomposition:
Z∗v =
⋃
(a1,...,at−1,0)∈Zt2/(δ)
ya11 · · · yat−1t−1 W (t). (2.3)
Proof. (1) Consider a solution of a system of congruences:
gx ≡ g2 (mod p1), gx ≡ 1 (mod p2), . . . , gx ≡ 1 (mod pt).
It is equivalent to solving the following system of congruences:
x ≡ 2 (mod p1 − 1), x ≡ 0 (mod p2 − 1), . . . , x ≡ 0 (mod pt − 1).
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is even. Similarly, we get that y2i ≡ gki (mod v), y2i ∈ W (t) , i = 1, . . . , t .
(2) Let α = (a1, . . . ,at), β = (b1, . . . ,bt) ∈ Zt2. By (2.2) and Lemma 2.2(1), we have
(
yαW
(t))(yβW (t))= ya1+b11 · · · yat+btt W (t) = yα+βW (t).
Now we prove that η is an epimorphism. For any y ∈ Z∗v , y ≡ gs1 (mod p1), . . . , y ≡ gst (mod pt).
Then there exists α = (a1, . . . ,at) ∈ Zt2 such that s1 − a1, . . . , st − at are even. By generalized Chinese
remainder theorem, there exists x such that x ≡ s1 − a1 (mod p1 − 1), . . . , x ≡ st − at (mod pt − 1).
Hence gx ≡ yy−1α (mod v), so η(α) = Cα = yαW (t) = yW (t) .
Since |Z∗v | =
∏t
i=1(pi − 1) and |W (t)| = d =
∏t
i=1(pi−1)
2t−1 , [Z∗v : W (t)] = 2t−1. Let δ = (1, . . . ,1) ∈ Zt2,
then yδW (t) = W (t) . Hence kerη = (δ) and η : Zt2/(δ) → Z∗v/W (t) , α = (a1, . . . ,at−1,0) → yαW (t) , is
an isomorphism of two groups. 
Deﬁnition 2.3. For convenience, let Zt2/(δ) = {(a1, . . . ,at−1,0) | ai ∈ Z2, i = 1, . . . , t−1} and yαW (t) =
ya11 · · · yat−1t−1 W (t) = Cα for α = (a1, . . . ,at−1,0) ∈ Zt2/(δ). For any α,β ∈ Zt2/(δ), deﬁne the Whiteman’s
generalized cyclotomic numbers as follows:
(α,β) = ∣∣(Cα + 1) ∩ Cβ ∣∣. (2.4)
In this paper, the Whiteman’s generalized cyclotomic number will simply be called the generalized
cyclotomic number. When t = 2, Whiteman [9] gave the generalized cyclotomic numbers as follows.
Lemma 2.4. Set 0 := (0,0) ∈ Z22/(δ), 1 := (1,0) ∈ Z22/(δ).
If p1 ≡ p2 ≡ 3 (mod 4), then the generalized cyclotomic numbers satisfy
(0,1) = (1,0) = (1,1) = (p1 − 2)(p2 − 2) − 1
4
, (0,0) = (p1 − 2)(p2 − 2) + 3
4
.
If p1 ≡ p2 + 2 ≡ 3 (mod 4), then the generalized cyclotomic numbers satisfy
(0,0) = (1,0) = (1,1) = (p1 − 2)(p2 − 2) + 1
4
, (0,1) = (p1 − 2)(p2 − 2) − 3
4
.
Now we introduce the cyclotomic numbers of order 2 with respect to p (see [8]). Let p be an odd
prime, g a primitive root modulo p, and H = (g2) a subgroup of Z∗p . Deﬁne the cyclotomic numbers
of order 2 with respect to p as (0,0)1 = |(H+1)∩H|, (0,1)1 = |(H+1)∩ gH|, (1,0)1 = |(gH+1)∩H|,
(1,1)1 = |(gH + 1) ∩ gH|.
Lemma 2.5. If p ≡ 3 (mod 4), then
(1,0)1 = (0,0)1 = (1,1)1 = p − 3
4
, (0,1)1 = p + 1
4
.
If p ≡ 1 (mod 4), then
(0,1)1 = (1,0)1 = (1,1)1 = p − 1
4
, (0,0)1 = p − 5
4
.
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t primes.
2.1. p1 ≡ · · · ≡ pt ≡ 3 (mod 4)
It is clear that −1 ≡ gd/2 (mod v),d =
∏t
i=1(pi−1)
2t−1 . Hence −1 ∈ C0.
Lemma 2.6. Let α,β ∈ Zt2/(δ). Then the generalized cyclotomic numbers with respect to p1 · · · pt satisfy
(α,β) = (β,α) and (α,β) = (α,α + β).
Proof. Since the generalized cyclotomic number (α,β) is the number of solutions (s, t) of the trino-
mial congruence
yα g
s + 1 ≡ yβ gt (mod v), (2.5)
where 0 s, t  d − 1. By −1 ≡ gd/2 (mod v), we get
yβ g
t+d/2 + 1 ≡ yα gs+d/2 (mod v).
The exponents (t + d/2, s + d/2) uniquely determine (s, t) modulo d. Hence we obtain the formula
(α,β) = (β,α).
By Lemma 2.2, set y2α ≡ gk (mod v). Multiplying both members of (2.5) by the reciprocal of its
ﬁrst term, we get
yα g
−k−s + 1 ≡ yα+β gt−k−s (mod v).
The exponents (−k − s, t − k − s) uniquely determine (s, t) modulo d. Hence we get the formula
(α,β) = (α,α + β). 
In Lemma 2.6, take β = 0 = (0, . . . ,0) ∈ Zt2/(δ), then we have (α,0) = (α,α) = (0,α). In the fol-
lowing, we give the recurrence formulas of the generalized cyclotomic numbers with respect to t
primes.
Theorem 2.7. Let α = (
r︷ ︸︸ ︷
1, . . . ,1,0, . . . ,0) ∈ Zt2/(δ), where 1 r  t − 1.
(1) Then the generalized cyclotomic numbers satisfy
(0,0) + 3(0,α) = (0,0)(r)(0,0)(t−r),
where (0,0)(r) is the generalized cyclotomic number with respect to p1 · · · pr and (0,0)(t−r) is the gener-
alized cyclotomic number with respective to pr+1 · · · pt .
638 J. Cao et al. / Finite Fields and Their Applications 18 (2012) 634–644(2) If r = 1, then the generalized cyclotomic numbers satisfy
(0,0) = p1 + 1
4
· (0,0)(t−1) − 3
t∏
i=2
pi − 3
4
,
(0,α) = p1 − 3
4
· (0,0)(t−1) +
t∏
i=2
pi − 3
4
,
where (0,0)(t−1) is the generalized cyclotomic number with respect to p2 · · · pt .
Proof. (1) First, we prove that C0 ∪ Cα = W (r) × W (t−r) , where W (r) is the Whiteman’s subgroup of
Z∗p1···pr and W
(t−r) is the Whiteman’s subgroup of Z∗pr+1···pt .
In fact, suppose that (gl, gm) ∈ W (r) × W (t−r) . If l ≡ m (mod 2), then by generalized Chinese re-
mainder theorem there exists n such that gn ≡ gl (mod p1 · · · pr) and gn ≡ gm (mod pr+1 · · · pt), so
(gl, gm) ∈ C0. If l ≡ m + 1 (mod 2), then by generalized Chinese remainder theorem there exists n
such that gn ≡ gl−1 (mod p1 · · · pr) and gn ≡ gm (mod pr+1 · · · pt), so (gl, gm) ∈ Cα . Conversely, it is
clear. Hence C0 ∪ Cα = W (r) × W (t−r) .
By Lemma 2.6, we have that
(0,0) + 3(0,α) = ∣∣(C0 ∪ Cα + 1) ∩ (C0 ∪ Cα)∣∣
= ∣∣(W (r) + 1)∩ W (r)∣∣∣∣(W (t−r) + 1)∩ W (t−r)∣∣= (0,0)(r)(0,0)(t−r).
(2) If r = 1, then C0 ∪ Cα = W (1) ×W (t−1) , where W (1) = (g) = Z∗p1 and W (t−1) is the Whiteman’s
subgroup with respect to p2 · · · pt . Hence
(0,0) + 3(0,α) = ∣∣(Z∗p1 + 1)∩ Z∗p1 ∣∣ · (0,0)(t−1) = (p1 − 2) · (0,0)(t−1). (2.6)
On the other hand,
(0,0) + (0,α) = ∣∣(C0 + 1) ∩ (C0 ∪ Cα)∣∣
is the number of s, 0 s d − 1, such that gs + 1 ∈ W (t−1) and p1  gs + 1.
Since s ranges over the set of integer {0,1, . . . ,d − 1}, we divide this set into (p1 − 1)/2 distinct
subsets:
Ai =
{
i2d
p1 − 1 ,
i2d
p1 − 1 + 1, . . . ,
(i + 1)2d
p1 − 1 − 1
}
, i = 0, . . . , p1 − 1
2
− 1.
Hence |{gs + 1 | s ∈ Ai} ∩ W (t−1)| = (0,0)(t−1) , i = 0, . . . , p1−12 − 1, so
N = ∣∣{gs + 1 ∣∣ s = 0, . . . ,d − 1}∩ W (t−1)∣∣= p1 − 1
2
· (0,0)(t−1).
On the other hand, we have that p1 | gs + 1, 0 s d − 1, if and only if s = p1−12 · r and r is odd,
0 r  2dp1−1 − 1. Since gcd(
p1−1
2 ,
2d
p1−1 ) = 1, {s =
p1−1
2 · r (mod 2dp1−1 ) | 0 r  2dp1−1 − 1, r is odd} =
{r | 0  r  2dp1−1 − 1, r is odd}. Hence we need to compute the value of N1 = |{gr + 1 | 0  r 
2d
p −1 − 1, r is odd} ∩ W (t−1)|.1
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generalized Chinese remainder theorem, H(2,...,t) = H2 × · · · × Ht and gH(2,...,t) = gH2 × · · · × gHt ,
where Hi = (g2) is the subgroup of Z∗pi generalized by g2, i = 2, . . . , t . By generalized Chinese re-
mainder theorem, we have that W (t−1) = H(2,...,t) ∪ gH(2,...,t) . Then by Lemma 2.5
N1 =
∣∣(gH(2,...,t) + 1) ∩ W (t−1)∣∣
= ∣∣(gH(2,...,t) + 1) ∩ H(2,...,t)∣∣+ ∣∣(gH(2,...,t) + 1) ∩ gH(2,...,t)∣∣
=
t∏
i=2
∣∣(gHi + 1) ∩ Hi∣∣+ t∏
i=2
∣∣(gHi + 1) ∩ gHi∣∣
=
t∏
i=2
(1,0)i +
t∏
i=2
(1,1)i = 2
t∏
i=2
pi − 3
4
,
where (1,0)i and (1,1)i are the cyclotomic numbers of order 2 with respect to pi , i = 2, . . . , t . Hence
we have
(0,0) + (0,α) = N − N1 = p1 − 1
2
· (0,0)(t−1) − 2
t∏
i=2
pi − 3
4
. (2.7)
By (2.6) and (2.7), we have (0,α) = p1−34 · (0,0)(t−1) +
∏t
i=2
pi−3
4 and (0,0) = p1+14 · (0,0)(t−1) −
3
∏t
i=2
pi−3
4 . 
Theorem 2.8. Let α,β ∈ Zt2/(δ) as follows
α = (
r1︷ ︸︸ ︷
1, . . . ,1,
r2︷ ︸︸ ︷
0, . . . ,0,
r3︷ ︸︸ ︷
1, . . . ,1,
r4︷ ︸︸ ︷
0, . . . ,0),
β = (
r1︷ ︸︸ ︷
0, . . . ,0,
r2︷ ︸︸ ︷
1, . . . ,1,
r3︷ ︸︸ ︷
1, . . . ,1,
r4︷ ︸︸ ︷
0, . . . ,0),
where 0< r1 + r2 < t and r1 + r2 + r3 + r4 = t. Then the generalized cyclotomic numbers satisfy
2(α,β) + (0,α) + (0, β) = (0, γ1)(r1+r2) · (0, γ2)(r3+r4),
where γ1 = (
r1︷ ︸︸ ︷
1, . . . ,1,
r2︷ ︸︸ ︷
0, . . . ,0) ∈ Zr1+r22 /(δ), γ2 = (
r3︷ ︸︸ ︷
1, . . . ,1,
r4︷ ︸︸ ︷
0, . . . ,0) ∈ Zr3+r42 /(δ).
Proof. Since α and β are as above, by generalized Chinese remainder theorem Cα ∪ Cβ ∼= C ′γ1 × C ′′γ2 ,
where C ′0 is the Whiteman’s subgroup of Z∗p1···pr1+r2 , C
′′
0 is the Whiteman’s subgroup of Z
∗
pr1+r2+1···pt ,
and C ′γ1 and C
′′
γ2
are deﬁned as (2.2). Hence by Lemma 2.6
(0,α) + (0, β) + 2(α,β) = (α,α) + (β,β) + 2(α,β)
= ∣∣(Cα ∪ Cβ + 1) ∩ (Cα ∪ Cβ)∣∣= ∣∣(C ′γ1 + 1)∩ C ′γ1 ∣∣ · ∣∣(C ′′γ2 + 1)∩ C ′′γ2 ∣∣
= (γ1, γ1)(r1+r2) · (γ2, γ2)(r3+r4) = (0, γ1)(r1+r2) · (0, γ2)(r3+r4). 
640 J. Cao et al. / Finite Fields and Their Applications 18 (2012) 634–644Remark 2.9. For any α ∈ Zt2/(δ), we can get the forms in Theorems 2.7 and 2.8 by exchanging posi-
tions of 0 and 1. Hence we can get recurrence formulas of all generalized cyclotomic numbers with
respect to p1 · · · pt .
2.2. p1 ≡ · · · ≡ pt−1 ≡ pt − 2 ≡ 3 (mod 4)
Since −1 ≡ g(pi−1)/2 (mod pi), i = 1, . . . , t , by the generalized Chinese remainder theorem the
system of congruences x ≡ p1−12 − 1 (mod p1 − 1), . . . , x ≡ pt−1−12 − 1 (mod pt−1 − 1), x ≡ pt−12
(mod pt − 1) has solutions. Hence −1 ∈ Cσ , where σ = (1, . . . ,1,0) ∈ Zt2/(δ).
Lemma 2.10. Let α,β ∈ Zt2/(δ), then the generalized cyclotomic numbers with respect to p1 · · · pt satisfy
(α,β) = (β + σ ,α + σ) and (α,β) = (α,α + β).
Proof. It is clear from Lemma 2.6. 
By Lemma 2.10, we have that (α,0) = (α,α) and (0,0) = (σ ,σ ) = (σ ,0).
Theorem 2.11. Let α = (
r︷ ︸︸ ︷
1, . . . ,1,0, . . . ,0), σ = (1, . . . ,1,0) ∈ Zt2/(δ), where 1 r  t − 1.
(1) Then the generalized cyclotomic numbers
(0,σ ) + 3(0,σ + α) = (0,0)(r)(0,σ ′)(t−r),
where (0,0)(r) is the generalized cyclotomic number with respect to p1 · · · pr and (0, σ ′)(t−r) , σ ′ =
(1, . . . ,1,0) ∈ Zt−r2 /(δ), is the generalized cyclotomic number with respect to pr+1 · · · pt .
(2) If r = t − 1, i.e. α = σ , then the generalized cyclotomic numbers
(0,0) = pt − 3
4
· (0,0)(t−1) + 1
2
(
t−1∏
i=1
pi − 3
4
+
t−1∏
i=1
pi + 1
4
)
,
(0,σ ) = pt + 1
4
· (0,0)(t−1) − 3
2
(
t−1∏
i=1
pi − 3
4
+
t−1∏
i=1
pi + 1
4
)
,
where (0,0)(t−1) is the generalized cyclotomic number with respect to p1 · · · pt−1 .
Proof. (1) By the process of proving Theorem 2.7, we have C0 ∪ Cα = W (r) × W (t−r) , where W (r)
is the Whiteman’s subgroup with respect to p1 · · · pr and W (t−r) is the Whiteman’s subgroup with
respect to pr+1 · · · pt . Hence Cσ ∪ Cσ+α = W (r) × yσ ′W (t−r) , where σ ′ = (1, . . . ,1,0) ∈ Z (t−r)2 /(δ) and
yσ ′W (t−r) is deﬁned as (2.2).
By Lemma 2.10, we have
(0,σ ) + 3(0,α + σ) = ∣∣(C0 ∪ Cα + 1) ∩ (Cσ ∪ Cσ+α)∣∣= (0,0)(r) · (0,σ ′)(t−r),
where (0,0)(r) is the generalized cyclotomic number with respect to p1 · · · pr and (0, σ ′)(t−r) is the
generalized cyclotomic number with respect to pr+1 · · · pt .
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(0,σ ) + 3(0,0) = (0,0)(t−1) · (pt − 2), (2.8)
where (0,0)(t−1) is the generalized cyclotomic number with respect to p1 · · · pt−1.
On the other hand,
(0,0) + (0,σ ) = ∣∣(C0 + 1) ∩ (C0 ∪ Cσ )∣∣
is the number of s, 0 s d − 1, such that gs + 1 ∈ W (t−1) and pt  gs + 1.
Similarly to proving Theorem 2.7, we have
N = ∣∣{gs + 1 ∣∣ s = 0, . . . ,d − 1}∩ W (t−1)∣∣= pt − 1
2
· (0,0)(t−1).
On the other hand, we have that pt | gs+1, 0 s d−1, if and only if s = pt−12 ·r and r is odd, 0
r  2dpt−1 − 1. Since pt ≡ 1 (mod 4) and gcd(
pt−1
2 ,
2d
pt−1 ) = 2, we have that {s =
pt−1
2 · r (mod 2dpt−1 ) |
0 r  2dpt−1 − 1, r is odd} = {r | 0 r  2dpt−1 − 1, r is even}. Hence we need to compute the value
of Nt = |{gr + 1 | 0 r  2dpt−1 − 1, r is even} ∩ W (t−1)|.
Let H(1,...,t−1) = (g2) be the subgroup of Z∗p1···pt−1 generated by g2, then [W (t−1) : H(1,...,t−1)] = 2.
Similarly to proving Theorem 2.7,
Nt =
∣∣(H(1,...,t−1) + 1) ∩ W (t−1)∣∣
= ∣∣(H(1,...,t−1) + 1) ∩ H(1,...,t−1)∣∣+ ∣∣(H(1,...,t−1) + 1) ∩ gH(1,...,t−1)∣∣
=
t−1∏
i=1
∣∣(Hi + 1) ∩ Hi∣∣+ t−1∏
i=1
∣∣(Hi + 1) ∩ gHi∣∣
=
t−1∏
i=1
(0,0)i +
t−1∏
i=1
(0,1)i =
t−1∏
i=1
pi − 3
4
+
t−1∏
i=1
pi + 1
4
,
where (0,0)i and (0,1)i are the cyclotomic numbers of order 2 with respect to pi , i = 1, . . . , t − 1.
Hence we have
(0,0) + (0,σ ) = N − Nt = pt − 1
2
· (0,0)(t−1) −
t−1∏
i=1
pi − 3
4
−
t−1∏
i=1
pi + 1
4
. (2.9)
By (2.8) and (2.9), we have
(0,0) = pt − 3
4
· (0,0)(t−1) + 1
2
(
t−1∏
i=1
pi − 3
4
+
t−1∏
i=1
pi + 1
4
)
,
(0,σ ) = pt + 1
4
· (0,0)(t−1) − 3
2
(
t−1∏
i=1
pi − 3
4
+
t−1∏
i=1
pi + 1
4
)
. 
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α = (
r1︷ ︸︸ ︷
1, . . . ,1,
r2︷ ︸︸ ︷
0, . . . ,0,
r3︷ ︸︸ ︷
1, . . . ,1,
r4︷ ︸︸ ︷
0, . . . ,0),
β = (
r1︷ ︸︸ ︷
0, . . . ,0,
r2︷ ︸︸ ︷
1, . . . ,1,
r3︷ ︸︸ ︷
1, . . . ,1,
r4︷ ︸︸ ︷
0, . . . ,0),
where 0< r1 + r2 < t. Then the generalized cyclotomic numbers satisfy
2(α,σ + β) + (0,α + σ) + (0, β + σ) = (γ1,0)(r1+r2) ·
(
γ2,σ
′)(r3+r4),
where σ = (1, . . . ,1,0) ∈ Zt2/(δ), σ ′ = (1, . . . ,1,0) ∈ Zr3+r42 /(δ), γ1 = (
r1︷ ︸︸ ︷
1, . . . ,1,
r2︷ ︸︸ ︷
0, . . . ,0) ∈ Zr1+r22 /(δ),
γ2 = (
r3︷ ︸︸ ︷
1, . . . ,1,
r4︷ ︸︸ ︷
0, . . . ,0) ∈ Zr3+r42 /(δ).
Proof. Since α and β are as above, by generalized Chinese remainder theorem Cα ∪ Cβ ∼= C ′γ1 × C ′′γ2 ,
where C ′0 is the generalized Whiteman’s subgroup of Z∗p1···pr1+r2 , C
′′
0 is the generalized Whiteman’s
subgroup of Z∗pr1+r2+1···pt , and C
′
γ1
and C ′′γ2 are deﬁned as (2.2). Hence Cα+σ ∪ Cβ+σ ∼= C ′γ1 × C ′′γ2+σ ′ ,
σ ′ = (1, . . . ,1,0) ∈ Z (r3+r4)2 /(δ). By Lemma 2.10 we have
2(α,σ + β) + (0,α + σ) + (0, β + σ)
= (β,σ + α) + (α,β + σ) + (α,σ + α) + (β,β + σ)
= ∣∣(Cα ∪ Cβ + 1) ∩ (Cα+σ ∪ Cβ+σ )∣∣= ∣∣(C ′γ1 + 1)∩ C ′γ1 ∣∣ · ∣∣(C ′′γ2 + 1)∩ C ′′γ2+σ ∣∣
= (γ1, γ1)(r1+r2) ·
(
γ2, γ2 + σ ′
)(r3+r4) = (γ1,0)(r1+r2) · (γ2,σ ′)(r3+r4). 
3. t = 3
As an application of recurrence formulas, we calculate the generalized cyclotomic numbers with
respect to p1p2p3 exactly in this section.
Let p1, p2, p3 be distinct primes, gcd(pi − 1, p j − 1) = 2 if i = j, and v = p1p2p3. Let g be the
common primitive root of p1, p2, p3, then
d = ordv(g) = lcm
(
ordp1(g),ordp2(g),ordp3(g)
)= (p1 − 1)(p2 − 1)(p3 − 1)
4
.
Let W (3) = (g) be the Whiteman’s subgroup of the multiplicative group Z∗p1p2p3 , |W (3)| = d and
[Z∗p1p2p3 : W (3)] = 4. Then by Lemma 2.2, we have
Z∗p1p2p3 =
⋃
(a1,a2,0)∈Z32/(δ)
ya11 y
a2
2 W
(3) = W (3) ∪ y1W (3) ∪ y2W (3) ∪ y1 y2W (3).
Deﬁnition 3.1. Let α0 = (0,0,0),α1 = (1,0,0),α2 = (0,1,0),α3 = (1,1,0) ∈ Z32/(δ), and let Ci =
yαi W
(3) , i = 0,1,2,3, be deﬁned as (2.2), where W (3) is the Whiteman’s subgroup of Z∗p1p2p3 . Deﬁne
the generalized cyclotomic numbers with respect to p1p2p3 as follows:
(i, j) = ∣∣(Ci + 1) ∩ C j∣∣, i, j = 0,1,2,3.
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0 1 2 3
0 A B C D
1 B B E E
2 C E C E
3 D E E D
where M = (p1 − 2)(p2 − 2)(p3 − 2), 16A = M + 3(p1 + p2 + p3)− 12, 16B = M + (3p1 − p2 − p3)− 4,
16C = M + (−p1 + 3p2 − p3) − 4, 16D = M + (−p1 − p2 + 3p3) − 4, 16E = M − (p1 + p2 + p3) + 8.
Proof. For p1 ≡ p2 ≡ p3 ≡ 3 (mod 4), it follows that −1 ∈ C0. By Lemma 2.6, (0,1) = (1,0) = (1,1),
(0,2) = (2,0) = (2,2), (0,3) = (3,0) = (3,3), and (1,2) = (1,3) = (2,1) = (2,3) = (3,1) = (3,2). Let
A = (0,0), B = (0,1), C = (0,2), D = (0,3), E = (1,2). By Theorem 2.7(2), we have A = (0,0) = p1+14 ·
(0,0)(2) − 3 · (p2−3)(p3−3)16 = 116 [M + 3(p1 + p2 + p3)− 12], B = (0,1) = p1−34 · (0,0)(2) + (p2−3)(p3−3)16 =
1
16 [M + (3p1 − p2 − p3) − 4].
To get the value of C , we change the arrangement of p1, p2, then we get C = (0,2) = p2−34 ·
(0,0)(2) + (p1−3)(p3−3)16 = 116 [M + (−p1 + 3p2 − p3) − 4].
By Theorem 2.7(1) and α3 = (1,1,0) ∈ Z32/(δ) we have that (0,0) + 3(0,3) = (0,0)(2)(0,0)(1) .
Hence 3(0,3) = (p1−2)(p2−2)+34 ·(p3−2)− 116 [M+3(p1+ p2+ p3)−12] = 316 [M+(−p1− p2+3p3)−4],
so D = 116 [M + (−p1 − p2 + 3p3) − 4].
For α1 = (1,0,0) and α2 = (0,1,0), by Theorem 2.8, we know r1 = 1, r2 = 1, r3 = 0, r4 = 1,
γ1 = (1,0), γ2 = (0). So 2(1,2) + (1,1) + (2,2) = (γ1, γ1)(2) · (γ2, γ2)(1) = (p1−2)(p2−2)−14 · (p3 − 2), so
E = 116 [M − (p1 + p2 + p3) + 8]. 
Theorem 3.3. If p1 ≡ p2 ≡ p3 − 2 ≡ 3 (mod 4), then we get the sixteen cyclotomic numbers as follows:
0 1 2 3
0 A B C D
1 E E C C
2 E B E B
3 A E E A
where M = (p1 − 2)(p2 − 2)(p3 − 2), 16A = M + (p1 + p2 + 3p3) − 8, 16B = M + (p1 − 3p2 − p3) + 8,
16C = M + (−3p1 + p2 − p3) + 8, 16D = M + (−3p1 − 3p2 + 3p3), 16E = M + (p1 + p2 − p3) − 4.
Proof. For p1 ≡ p2 ≡ 3 (mod 4), p3 ≡ 1 (mod 4), it follows that −1 ∈ C3. By Lemma 2.10, (0,0) =
(3,3) = (3,0), (0,1) = (2,1) = (2,3), (0,2) = (1,3) = (1,2), and (1,0) = (1,1) = (2,0) = (2,2) =
(3,1) = (3,2). Let A = (0,0), B = (0,1), C = (0,2), D = (0,3), E = (1,1). By Theorem 2.11(2), we
have σ = (1,1,0), let α3 = σ , then A = (0,0) = p3−34 · (0,0)(2) + 12 · [ (p1−3)(p2−3)16 + (p1+1)(p2+1)16 ] =
1
16 [M + (p1 + p2 + 3p3) − 8], D = (0,3) = p3+14 · (0,0)(2) − 32 · [ (p1−3)(p2−3)16 + (p1+1)(p2+1)16 ] = 116 [M +
(p1 − 3p2 − 3p3)].
To get the value of C , let α1 = (1,0,0), then α1C0 = C1, (0,3) + 3(0,2) = |(C0 ∪ C1 + 1) ∩ (C2 ∪
C3)| = (0,0)(1)(0,1)(2) = (p1 − 2) (p2−2)(p3−2)−34 , C = (0,2) = 116 [M + (−3p1 + p2 − p3) + 8].
For α2 = (0,1,0), α2C0 = C2, (0,3) + 3(0,1) = |(C0 ∪ C2 + 1) ∩ (C1 ∪ C3)| = (0,0)(1)(0,1)(2) =
(p2 − 2) (p1−2)(p3−2)−34 , B = (0,1) = 116 [M + (p1 − 3p2 − p3) + 8].
644 J. Cao et al. / Finite Fields and Their Applications 18 (2012) 634–644For α1 = (1,0,0) and α2 = (0,1,0), by Theorem 2.11, we know r1 = r2 = r4 = 1, r3 = 0, γ1 = (1,0),
γ2 = (0). So 2(1,1)+ (0,1)+ (0,2) = |(C1 ∪ C2 + 1)∩ (C1 ∪ C2)| = (γ1,0)(2)(γ2,0)(1) = (p1−2)(p2−2)−14 ·
(p3 − 2), so E = (1,1) = 116 [M + (p1 + p2 − p3) − 4]. 
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